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In the space of quantum channels, we establish the geometry that allows us to make statisti-
cal predictions about relative volumes of entanglement breaking channels among all the Gaussian
quantum channels. The underlying metric is constructed using the Choi-Jamiołkowski isomor-
phism between the continuous-variable Gaussian states and channels. This construction involves
the Hilbert-Schmidt distance in quantum state space. The volume element of the one-mode Gaus-
sian channels can be expressed in terms of local symplectic invariants. We analytically compute
the relative volumes of the one-mode Gaussian entanglement breaking and incompatibility breaking
channels. Finally, we show that, when given the purities of the Choi-Jamiołkowski state of the
channel, one can determine whether or not such channel is incompatibility breaking.
I. INTRODUCTION
Quantum correlations, like non-locality [1], steering [2],
and entanglement [3], are very often used as the key re-
sources in quantum information tasks, such as quantum
state discrimination [4] and key distribution [5]. Unfor-
tunately, quantum systems are never perfectly isolated
from the external influences, which leads to a harm-
ful dissipation and decoherence that ultimately destroy
quantum correlations [6]. These dynamical processes
for the open systems can be described using quantum
channels, which are completely positive, trace-preserving
maps from quantum states to quantum states [7]. Ex-
ceptionally detrimental kinds of open quantum system
dynamics are described by the so-called entanglement
breaking (EB) [8] and incompatibility breaking (ICB) [9]
quantum channels. The former maps any entangled in-
put state to a separable output. The latter, on the other
hand, has the corresponding dual map that, when ap-
plied to a pair of incompatible (not jointly measurable)
observables, maps them to a pair of compatible (jointly
measurable) observables [10]. Therefore, it is of general
interest to determine the likelihood to encounter such
channels in the space of all channels, measured in terms
of ratios of their corresponding volumes.
In this article, we focus on continuous variable (CV)
systems; i.e., the systems described with the help of the
canonical position and momentum operators. Labora-
tories equipped with linear optical elements and pho-
todetectors can routinely prepare, manipulate, and per-
form quantum measurements on the states of such sys-
tems [11, 12]. An important special class of states for
continuous variable systems is the set of Gaussian states,
characterized by the Gaussian Wigner function [12–14].
Closely associated to them is the set of Gaussian quan-
tum channels, mapping any Gaussian state to a Gaussian
state. These sets of states and channels form basic build-
ing blocks for current experiments on photonic systems
in the field of quantum information [15, 16]. The main
reasons for their appeal is the fact that the Gaussianity-
preserving unitary operations can be implemented in lin-
ear optics, and Gaussian systems are relatively easy to
handle mathematically.
In this article, we study the geometry of the manifold of
Gaussian quantum channels. We provide a rigorous route
to investigate how likely it is, among all Gaussian quan-
tum channels, to encounter a channel that is either en-
tanglement breaking [17] or incompatibility breaking [18].
So far, the investigations on the information geometry in
the Gaussian domain have been focused on the geome-
try of the state space [19, 20] and the typical proper-
ties of quantum correlations [21–23]. In [24], first steps
are taken to study the geometry of the Gaussian quan-
tum channels. The main hindrance for further develop-
ment have been the technical difficulties that are encoun-
tered when one tries to formulate the Choi-Jamiołkowski
(CJ) isomorphism [25, 26] for continuous variable systems
[17, 27].
Recently, new results have shed some light on how
to formulate the Choi-Jamiołkowski correspondence be-
tween Gaussian states and channels in such a way that
divergence problems do not occur [28, 29]. In this arti-
cle, we use the approach developed in [28] for the Choi-
Jamiołkowski isomorphism in combination with the re-
sults on the geometry of Gaussian states in [23] to inves-
tigate the geometry of Gaussian quantum channels. In
particular, we report the likelihood of encountering a one-
mode entanglement or incompatibility breaking channel
among all the one-mode Gaussian channels. It should be
noted that such results, in general, depend on the choice
of the metric. Here, as the metric on the space of chan-
nels is defined with the help of the Choi-Jamiołkowski
isomorphism, it will also depend on the reference state of
that isomorphism.
The rest of the article is organized as follows. In Sec-
tion II we provide a quick review on the main properties
of the Gaussian states. Then, in Section III, we intro-
duce the notion of the Gaussian channels. We present
the generalization of the Choi-Jamiołkowski correspon-
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2dence that is valid for the continuous variable systems.
In Section IV, we construct the Hilbert-Schmidt line and
volume elements on the manifold of Gaussian states with
a fixed marginal. This section contains our first main
result: the volume element of the one-mode Gaussian
channels. We use this result in Section V, where we com-
pute the relative volumes for the entanglement breaking
and incompatibility breaking channels. In the last sec-
tion, we present conclusions, open questions, and a final
outlook.
II. GAUSSIAN STATES
Consider an n-particle continuous variable system with
the corresponding Hilbert space H :=
n⊗
k=1
L2(R). The
canonical operators acting onH can be arranged to create
a vector R := (q1, p1, . . . , qn, pn)T with qk := a
†
k +ak and
pk := i(a
†
k−ak). The creation and annihilation operators
satisfy the bosonic commutation relations [ai, a
†
j ] = δijI,
[ai, aj ] = 0, which induce the following relation for the
vector components,
[Ri, R
†
j ] = 2iΩij , Ω :=
n⊕
k=1
ω, ω :=
(
0 1
−1 0
)
.
In the above equations, Ω is the symplectic form. Now,
for every quantum state ρ, let us introduce the char-
acteristic function χ(ξ) := Tr[D(ξ)ρ], where ξ :=
(ξ
(1)
1 , ξ
(2)
1 , . . . , ξ
(1)
n , ξ
(2)
n )T ∈ R2n are the phase space co-
ordinates and
D(ξ) := eiR
TΩξ,
D(ξ)D(ξ′) = e−iξ
TΩξ′D(ξ′)D(ξ),
are the displacement (or Weyl) operators [18, 30]. By
definition, a Gaussian state is a quantum state whose
characteristic function χ(ξ) is a Gaussian function [16,
18]. We write it as
χ(ξ) = exp
[
−1
2
ξTΩΣΩT ξ + i`TΩξ
]
,
where `k := Tr(ρRk) is the displacement vector and
Σij :=
1
2 (Tr[ρ(RiRj + RjRi)] − `i`j) is the covariance
matrix of the underlying Gaussian quantum state ρ =
ρ(Σ, `). Then, the state can be expressed as
ρ(Σ, `) :=
∫
R2n
d2nξ
pin
χ(ξ)D(−ξ).
Note that Σ is a covariance matrix of a Gaussian state if
and only if
Σ + iΩ ≥ 0, (1)
due to the canonical commutation relations. We would
like to stress that, despite the apparent similarities be-
tween the Gaussian states in the classical and quantum
domain, the quantum case is fundamentally different due
to eq. (1). The classical Gaussian states (probability
densities) can become arbitrarily narrow approaching the
Dirac δ function in a limiting sense, whereas eq. (1) sets
the minimal admissible width for the Gaussian quantum
states compatible with Heisenberg’s uncertainty relation.
III. GAUSSIAN CHANNELS AND THE
CHOI-JAMIOŁKOWSKI ISOMORPHISM
The Gaussian quantum channels Λ : HA → HB are
completely positive, trace-preserving maps that trans-
form Gaussian quantum states into Gaussian quantum
states. The action of a Gaussian channel leads to a dual
map on the displacement operators [13, 31, 32]
Λ∗[D(ξ)] = D(Mξ) exp
[
−1
2
ξTNξ + icT ξ
]
,
with the matrices M ∈ M2nA×2nB (R), N = NT ∈
M2nB×2nB (R), and the 2nA-dimensional vector c. There-
fore, each channel is completely characterized by a triple
(M,N, c). The action of a Gaussian channel on a Gaus-
sian state ρ(Σ, `) is then efficiently expressed in terms of
the covariance matrix and the displacement vector,
Σ 7→MTΣM +N, ` 7→MT `+ c.
The complete positivity condition
N − iMTΩM + iΩ ≥ 0
follows directly from eq. (1).
In order to leverage the known results on the geometry
of Gaussian states [19, 23], we use the Choi-Jamiołkowski
isomorphism to express the Gaussian channels in terms
of the state parameters. Let us recall Lemma 4 from
Kiukas et. al. [28].
Lemma 1. There exists a one-to-one correspondence
between bipartite Gaussian states ρAB with a common
marginal σ = TrAρAB, a covariance matrix Σσ of a full
symplectic rank, and a displacement `σ, and Gaussian
channels Λ : HB → HA, such that
ρAB = (Λ⊗ 1lB)(ρΩ).
The Gaussian state ρΩ is characterized by the following
covariance matrix and displacement,
ΣΩ :=
(
Σσ S
T
σ ZσSσ
STσ ZσSσ Σσ
)
, `Ω := `σ ⊕ `σ.
In the above definition,
Σσ =: S
T
σDσSσ,
Dσ := diag(νσ,1, νσ,1, . . . , νσ,N , νσ,N )
Zσ :=
N⊕
k=1
σ3
√
ν2σ,k − 1,
with Sσ being the symplectic matrix (STσ ΩSσ = Ω) diag-
onalizing Σσ.
3The correspondence between the Gaussian channel
Λ(M,N, c) and the Gaussian Choi-Jamiołkowski (CJ)
state ρAB(Σ, `) is given as follows [28],Σ =
(
ΣA Γ
T
Γ Σσ
)
,
` = `A ⊕ `σ,

M = (STσ ZσSσ)
−1Γ,
N = ΣA −MTΣσM,
c = `A −MT `σ.
(2)
Obviously, the isomorphism in Lemma 1 depends on
the choice of σ, and so will the metric properties of the
channel space.
IV. GEOMETRY OF GAUSSIAN STATES AND
CHANNELS
In order to discuss the geometric properties in the
space of quantum channels, we need to define a metric
in terms of a line element. For finite-dimensional sys-
tems, there exists the unique unitarily invariant line el-
ement induced by the Fubini-Study metric [33]. In the
infinite-dimensional case, however, there are many pos-
sible non-equivalent choices for the metric [23]. We base
our calculations on the Hilbert-Schmidt distance defined
by ds2 = Tr(dρ2). On the manifold of the Gaussian
states, it takes the following form,
ds2 =Tr[ρ(Σ + dΣ, `+ d`)]2 + Tr[ρ(Σ, `)]2
− 2Tr[ρ(Σ, `)ρ(Σ + dΣ, `+ d`)].
For more details considering the computation of the line
element, see Appendix A. The final result is
ds2 =
1
16
√
det Σ
{
2Tr[Σ−1dΣ]2 + [Tr(Σ−1dΣ)]2
+8d`TΣ−1d`
}
.
(3)
Hence, the line element ds2 and the volume element dV
can be written as
ds2 =
(
dΣT d`T
)(G 0
0 g
)(
dΣ
d`
)
,
dV =
√
detG
√
det g
4n2∏
i=1
dΣi
2n∏
j=1
d`j , (4)
where dΣ = vec(dΣ) is the matrix vectorization. For
` = 0, eq. (3) is in correspondence with the results ob-
tained in [23]. Note that dΣ and d` are not coupled,
and therefore a non-zero displacement produces the mul-
tiplicative factor
√
det g =
[
det
(
Σ−1
2
√
det Σ
)]−1
= 2−n(det Σ)−
n+1
2
in the volume element.
Let us consider the one-mode Gaussian channel
Λ(M,N, c). According to eqs. (2), the corresponding
two-mode Gaussian CJ state is given by
Σ =
(
N +MTΣσM M
TSTσ ZσSσ
STσ ZσSσM Σσ
)
,
` =(c+MT `σ)⊕ `σ.
(5)
A non-zero displacement vector ` corresponds to local
unitary contributions of the channel. When considering
the effect of the channel on the non-local correlations, we
can – without the loss of generality – set ` = 0, as we do
for the rest of the article.
Note that any two-mode Gaussian covariance matrix
can be expressed in the standard form Σ = SWST , where
S is a local symplectic transformation [23] and
W =
νA 0 γ+ 00 νA 0 γ−γ+ 0 νσ 0
0 γ− 0 νσ
 .
Here, νA and νσ are the symplectic eigenvalues of the
marginal states, and γ± describe the correlations between
the two modes. Following the method presented in [23],
we compute the Hilbert-Schmidt volume element for the
Gaussian states with the covariance matrix given by eq.
(5) (for more details, see Appendix B). This way, we
obtain
dV =
√
detGdνAdγ+dγ−dθdm(SA),
where dm(SA) is the measure of the non-compact sym-
plectic group Sp(2) and
√
detG =
ν2Aν
3
σ(γ
2
+ − γ2−)
32
√
2(γ2+ − νAνσ)17/4(γ2− − νAνσ)17/4
.
It turns out that quantum correlations in the two-mode
Gaussian states are most conveniently analyzed in the
purity-seralian coordinates [34]. For the readers’ conve-
nience, we recall the definitions,
µA/σ :=
1√
det ΣA/σ
=
1
νA/σ
,
µ :=
1√
det Σ
=
1√
(γ2+ − νAνσ)(γ2− − νAνσ)
,
∆ := det ΣA + det Σσ + 2 det Γ = ν
2
A + ν
2
σ + 2γ+γ−.
(6)
As it is apparent from their definitions, these four new
coordinates are local symplectic invariants. The inverse
relations read
νA/σ =
1
µA/σ
, γ± =
√
µAµσ
4
(+ ± −),
where
± :=
√(
∆− (µA ± µσ)
2
µ2Aµ
2
σ
)2
− 4
µ2
.
4Finally, we obtain the formula
dV =
µ11/2
64
√
2µ3Aµ
2
σ
dµAdµd∆dθdm(SA).
The range of coordinates is determined by 0 ≤ µA/σ ≤ 1,
2± ≥ 0, and by the complete positivity condition (1),
which is equivalent to
1 +
1
µ2
−∆ ≥ 0.
Combining all these requirements results in the following
conditions for the two-mode Gaussian CJ states that cor-
respond to legitimate one-mode Gaussian channels [34],
0 ≤ µA/σ ≤ 1, µAµσ ≤ µ ≤ µAµσ
µAµσ + |µA − µσ| ,
2
µ
+
(µA − µσ)2
µ2Aµ
2
σ
≤ ∆ ≤ min
{
− 2
µ
+
(µA + µσ)
2
µ2Aµ
2
σ
, 1 +
1
µ2
}
.
(7)
Now, we want to express conditions (7) for the complete
positivity of the channel in terms of the channel param-
eters directly. Interestingly, it turns out that these con-
ditions depend only on the determinants of M and N .
Proposition 1. Any one-mode Gaussian map Λ char-
acterized by (M,N, c) is completely positive if and only
if
detN ≥ (detM − 1)2. (8)
Proof. For one-mode Gaussian channels, the complete
positivity condition in eq. (1) is equivalent to [35]
det(Σ + iΩ) ≥ 0.
Note that Σ + iΩ is a 4 × 4 matrix, so its determinant
can be calculated using the property
det(Σ + iΩ) = detD detF. (9)
In the above formula, D := Σσ + iω and F := ΣA + iω−
ΓD−1ΓT for Σ being a block matrix from eq. (2). Simple
calculations on 2× 2 matrices show that detD = ν2σ − 1
and
F = N + iω(1− detM),
where we implemented the formulas for ΣA and Γ given
on the r.h.s. of eq. (2). As detD ≥ 0, condition (9) can
be rewritten into
detF = detN − (1− detM)2 ≥ 0.
V. ENTANGLEMENT AND
INCOMPATIBILITY BREAKING CHANNELS
Let us consider a special class of quantum channels,
for which ρAB = (Λ⊗ 1lB)(ρ∗) is separable for any (even
entangled) state ρ∗. These are known as the entangle-
ment breaking channels and can always be written in the
Holevo form [8]
Λ[ρ] =
∑
k
ωkTr(Fkρ), (10)
where ωk are quantum states, and Fk form a POVM (pos-
itive operator-valued measure). For finite-dimensional
quantum systems, it is straightforward to show that Λ is
entanglement breaking if and only if ρAB is separable for
ρ∗ being a maximally entangled state. This notion can be
extended to infinite-dimensional systems if one replaces
the maximally entangled state with ρΩ from Lemma 1.
Lemma 2. A Gaussian channel Λ is entanglement
breaking if and only if
ρAB = (Λ⊗ 1lB)(ρΩ),
with a marginal σ = TrAρAB, is separable.
Proof. Note that if Λ is entanglement breaking, then triv-
ially ρAB is separable. Now, assume that ρAB is sepa-
rable; i.e., ρAB =
∑
k pkωk ⊗ βk with density operators
ωk, βk and a probability distribution pk. Then, we show
that
TrA[ρAB(A⊗ IB)] =
∑
k
pkβkTr(ωkA). (11)
Recall that for an arbitrary ρAB with σ = TrAρAB , one
has [28]
√
σΛ∗[A]
√
σ = TrA[ρAB(A⊗ IB)]T ,
where Λ∗ is a map dual to the Gaussian channel Λ.
Therefore, eq. (11) is equivalent to
√
σΛ∗[A]
√
σ =
∑
k
pkβkTr(ωkA).
One cannot simply invert
√
σ, as the inverse of a full-rank
state is unbounded. However, σ−1/2pkβkσ−1/2 extends
to a bounded operator Fk for which
√
σFk
√
σ = pkβk,
because ‖√Fkψ‖2 ≤
∑
k〈ψ|Fkψ〉 = ‖ψ‖2 and ‖Fk‖ =
‖√Fk‖2. Now, we can see that Λ∗ is dual to the entan-
glement breaking channel of the form (10). Indeed, the
Fk define a POVM, as∑
k
√
σFk
√
σ =
∑
k
pkβk = TrAρAB = σ.
5It was shown [35] that for two-mode Gaussian states,
the Peres-Horodecki criterion [36, 37] is necessary and
sufficient for separability. Namely, ρAB is separable if
and only if
det(ΣPPT + iΩ) ≥ 0, (12)
where ΣPPT = ΘΣΘ is the covariance matrix of the par-
tially transposed state, and Θ = diag(−1, 1, 1, 1). In the
seralian-purity coordinates, condition (12) reads
1 +
1
µ2
+ ∆− 2
µ2A
− 2
µ2σ
≥ 0. (13)
Proposition 2. Any one-mode Gaussian channel Λ
characterized by (M,N, c) is entanglement breaking if
and only if
detN ≥ (detM + 1)2. (14)
The proof is analogous to the proof of Proposition 1.
Now, consider another class of quantum channels, for
which ρAB = (Λ⊗1lB)(ρ∗) is non-steerable for any choice
of ρ∗. These channels are the so-called incompatibility
breaking channels [18]. It is known that a one-mode
Gaussian channel is incompatibility breaking if and only
if
Σ + i(0⊕ ω) ≥ 0,
or, in terms of the purities,
µ ≤ µA, (15)
which are, in fact, just the conditions for the steerability
of the CJ state.
Proposition 3. Any one-mode Gaussian channel Λ
characterized by (M,N, c) is incompatibility breaking if
and only if
detN ≥ detM2. (16)
In Fig. 1, one can see the graphical representation of
the conditions from Propositions 1–3 for the one-mode
Gaussian channels. The complete positivity domain from
ineq. (8) is gray, the entanglement breaking domain from
ineq. (14) is double-hatched, and the incompatibility
breaking domain from ineq. (16) is single-hatched. We
see that the EB domain is contained within the ICB do-
main, and both of these domains are contained in the CP
domain. Note that the inequalities presented in Proposi-
tions 1–3 are known [17, 18, 34]. Here, however, we were
able to bring them to a unified concise form involving the
simple channel parameters detM and detN .
VI. RELATIVE VOLUMES
We analyze the geometry of the one-mode Gaussian
channels by considering the manifold of the correspond-
ing Gaussian CJ states. In order to do this, we make
Fig. 1. The range of detM and detN for which the
complete positivity (gray), entanglement breaking
(double-hatched), or incompatibility breaking
(single-hatched) conditions are satisfied.
use of the local symplectic decomposition of the covari-
ance matrix Σ. Recall that the local symplectic group
Sp(2) is non-compact [38], which means that the volume
of two-mode Gaussian states, and hence the one-mode
Gaussian channels, is not finite. The non-compactness
emerges due to the possibility of unbounded squeezing.
Regardless, we can compute the relative volumes of the
quantities that are invariant with respect to the local
symplectic transformations, such as entanglement. This
quantity can be seen as the likelihood of encountering
special classes of channels among all one-mode Gaussian
channels.
To calculate the total volume of all one-mode Gaussian
channels, we need to integrate the volume element in eq.
(4) over the range of parameters determined by ineq. (7).
Namely, one has
VGC = C
∫∫∫
CP
µ11/2
64
√
2µ3Aµ
2
σ
dµAdµd∆,
where CP is the region given by conditions (7). We use
the shorthand notation
C =
∫
M
dm(SA)
∫ 2pi
0
dθ
for the divergent part of the integral. Analogously, one
obtains the volume of all entanglement breaking channels
VEBC and incompatibility breaking channels VICBC ;
VEBC = C
∫∫∫
SEP
µ11/2
64
√
2µ3Aµ
2
σ
dµAdµd∆,
VICBC = C
∫∫∫
NS
µ11/2
64
√
2µ3Aµ
2
σ
dµAdµd∆.
6The regions of integration SEP, NS are given by condi-
tions (7, 13) and (7, 15), respectively. Each of the above
integrals can be solved analytically. The results are
VGC = C
4 + µ
9/2
σ (9µ2σ − 13)
18018
√
2µ3σ
,
VEBC = C
√
µσ(1− µσ)2(11 + 9µσ)
18018
√
2
,
VICBC = C
√
µσ
(
−13µσ + 9µ3σ − 8
√
2(−11+7µσ)
(1+µσ)7/2
)
18018
√
2
.
It is easy to see that the divergent part C drops out
when one considers a ratio of volumes. Interestingly,
such ratio still depends on the choice of ρΩ in the Choi-
Jamiołkowski isomorphism through the marginal purity
µσ. The relative volumes of the entanglement and in-
compatibility breaking channels are presented in Fig. 2
as dashed and solid lines, respectively. Both curves grow
monotonically as functions of µσ. Two points, µσ = 0
and µσ = 1, have to be excluded from our considera-
tions, even though the curves seem to behave well. The
former point would correspond to the maximally entan-
gled ρΩ, which is not a trace-class operator. The latter
point does not satisfy the conditions in Lemma 1.
Fig. 2. The relative volume of the entanglement
breaking (dashed line) and incompatibility breaking
(solid line) one-mode Gaussian channels as a function of
the marginal purity of the CJ state.
Now, assume that our knowledge about the two-mode
Gaussian CJ state is limited to the values of total µ and
marginal µA, µσ purities. It turns out that even without
knowing the value of the seralian ∆, we can usually tell
whether a given one-mode Gaussian channel is entangle-
ment breaking or not. For fixed µA and µσ, we see that
if the total purity belongs to the range
µAµσ ≤ µ ≤ µAµσ
µA + µσ − µAµσ
or
µAµσ√
µ2A + µ
2
σ − µ2Aµ2σ
≤ µ ≤ µAµσ
µAµσ + |µA − µσ| ,
then the associated two-mode Gaussian CJ states are sep-
arable or entangled, respectively [34]. There also exists
the so-called coexistence region, which corresponds to
µAµσ
µA + µσ − µAµσ ≤ µ ≤
µAµσ√
µ2A + µ
2
σ − µ2Aµ2σ
.
For such values of µA/σ and µ, it is impossible to distin-
guish between the separable and entangled states without
the full knowledge about the system. Having the expres-
sions for the volumes at hand, we can even compute the
probability of finding an entangled CJ state in the coex-
istence region (see the density plots in Fig. 3).
In Fig. 3 we plot the separability (double-hatched),
coexistence (single-hatched), and entanglement (shaded)
regions for the Gaussian CJ states as functions of µ and
µA for fixed µσ. The unhatched white region is un-
physical. Interestingly, knowing the value of seralian is
not necessary to determine the steerability of Gaussian
states. The shading indicates the relative conditional vol-
ume of entangled Gaussian CJ states. This is computed
as a ratio of the volume of entangled states with respect
to the volume of all states for fixed purities.
Discussing these figures in terms of the one-mode
Gaussian quantum channels, we can simply read off
the incompatibility and entanglement breaking regions
in the parameter space. When µ ≤ µA, the chan-
nel is incompatibility breaking. All the channels in the
double-hatched region are entanglement breaking. For
the single-hatched region, the color coding gives the prob-
ability for the channel not to be entanglement breaking.
There are no entanglement breaking channels in the dark
blue non-hatched region, and there are not incompatibil-
ity breaking channels when µ > µA.
VII. CONCLUSIONS AND OUTLOOK
In this paper we calculate the relative volumes of
entanglement and incompatibility breaking one-mode
Gaussian quantum channels. We use the Choi-
Jamiołkowski isomorphism to define the geometry in the
space of Gaussian quantum channels. We explicitly de-
termine the Hilbert-Schmidt line and volume elements for
one-mode Gaussian channels, together with the regions
corresponding to completely positive maps, as well as en-
tanglement breaking and incompatibility breaking chan-
nels. Interestingly, these regions are completely charac-
terized by inequalities involving only two channel param-
eters: detM and detN . We find it useful to express the
volume element in terms of symplectic invariants.
We base all of our calculations on the Hilbert-Schmidt
distance. It would be interesting to compare our re-
sults with the volumes obtained from the Fisher-Rao and
7Fig. 3. The separability (double-hatched), coexistence
(single-hatched), and entanglement (unhatched) regions
for the two-mode Gaussian CJ states for different
marginal purities: µσ = 0.2 (top), µσ = 0.5 (center),
and µσ = 0.8 (bottom). The red line separates the
steerable and non-steerability states. The shading in
the coexistence region is associated with the conditional
relative volume of entangled CJ states. In terms of the
one-mode channels, the regions correspond to the
incompatibility breaking channels (non-steerable CJ
states), entanglement breaking channels
(double-hatched region), and the coexistence of
entanglement breaking and not entanglement breaking
channels (single-hatched region).
Bures-Fisher metrics. We would also like to explore the
connection to a geometry of channels defined with the
help of probe states [24].
Geometrical concepts are also relevant for discrimi-
nation, distinguishability, and tomography of Gaussian
channels. Having the general framework at hand, it is
now straightforward to study the geometrical properties
of subclasses of special interest, such as Weyl-covariant
and quantum limited channels. Another open problem
is finding relative volumes for canonical classes of chan-
nels, as introduced by Holevo in [31] and further explored
in [39].
ACKNOWLEDGMENTS
K.S. was supported by the Polish National Science
Centre project No. 2018/28/T/ST2/00008. The authors
would like to thank Dariusz Chruściński, Valentin Link,
Moritz Richter, and Roope Uola for stimulating discus-
sions.
Appendix A: Hilbert-Schmidt line element
Our computation follows the lines of [19, 23]. From
our definition, the Hilbert-Schmidt line element reads
ds2 =Tr[ρ(Σ + dΣ, `+ d`)]2 + Tr[ρ(Σ, `)]2
− 2Tr[ρ(Σ, `)ρ(Σ + dΣ, `+ d`)]. (A1)
Observe that
Tr[ρ(Σ, `)ρ(Σ′, `′)] =
1√
det 12 (Σ + Σ
′)
× exp
[
−1
2
(`− `′)T (Σ + Σ′)−1(`− `′)
]
,
(A2)
where we used the property of the trace
Tr [D(−ξ)D(−ξ′)] = pinδ2n(ξ + ξ′) and the 2n-
dimensional Gaussian integral [40]∫
R2n
d2nξ
pin
exp
[
−1
2
ξTAξ +BT ξ
]
=
2n√
detA
exp
[
1
2
BTA−1B
]
.
(A3)
Hence, eq. (A1) simplifies to
ds2 =
1√
det Σ
+
1√
det(Σ + dΣ)
− 2√
det 12 (2Σ + dΣ)
× exp
[
−1
2
d`T (2Σ + dΣ)−1d`
]
.
(A4)
By expanding the matrix (2Σ + dΣ)−1 ' 12 (I −
1
2Σ
−1dΣ)Σ−1 and the exponential
exp
[
−1
2
d`T (2Σ + dΣ)−1d`
]
' 1− 1
2
d`T (2Σ + dΣ)−1d`
' 1− 1
4
d`TΣ−1d`
(A5)
8up to the quadratic terms in dΣ, d`, we find the final
formula for the line element.
Appendix B: Hilbert-Schmidt volume element
The one-mode Gaussian channels correspond to the
two-mode Gaussian CJ states with
Σ =
(
N +MTΣσM M
TSTσ ZσSσ
STσ ZσSσM Σσ
)
. (B1)
There always exists a symplectic transformation SA such
that N +MTΣσM = νASTASA. Hence, we can write
Σ = (SA⊕Sσ)T
(
νAI2 S−1A MTSTσ Zσ
ZσSσMS
−1
A νσI2
)
(SA⊕Sσ).
(B2)
The off-diagonal block has the singular value decompo-
sition S−1A M
TSTσ Zσ = Q
TΓR with two orthogonal ma-
trices Q, R and Γ := diag(γ+, γ−) [41]. Therefore, one
has
Σ = (S′TA ⊕ STσRT )W (S′A ⊕RSσ) (B3)
with S′A := QSA and
W =
(
νAI2 Γ
Γ νσI2
)
. (B4)
The line element follows from eq. (3). We use the fact
that the covariance matrix has the structure Σ = STWS
with symplectic S = exp(H) that is generated by a trace-
less Hamiltonian matrix H. This gives
dΣ = ST (dW + dHTW +WdH)S, (B5)
and therefore
ds2 =
1
16
√
detW
{
2Tr[W−1(dW + dHTW +RdW )]2
+ [Tr(W−1dW )]2
}
.
(B6)
In the last step, we perform the change of coordinates to
the purity-seralian coordinates in eq. (6).
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